We propose a noble physical model obtained from a Hamiltonian with periodic potential. This model is canonical, reversible and brings about chaotic superdiffusion with energy fluctuation divergence. The analytical formula of invariant density can be obtained in some parameter range. In the range it is proved that the map is Anosov diffeomorphism and the invariant measure is a SRB measure. We calculate the analytical formula of Lyapunov exponent. Superdiffusion is also an important phenomenon in dynamical system and statistical dynamics.
Introduction Sinai-Ruelle-Bowen (SRB) measure which is a special case of Gibbs measure [1] plays an important role in dynamical system and statistical dynamics points of view. In the case of Hénon map, Logistic map or Baker's map, it is proved that there is a SRB measure [2] [3] [4] although in former two explicit form do not given and Baker's map does not have timereversal symmetry.
Superdiffusion is also an important phenomenon in dynamical system and statistical dynamics.
In classical systems, there is no symplectic map in which it is proved analytically that superdiffusion occurs with measure unity. For example, in Standard map [5] , it is said that superdiffusion occurs in some part of domain not in the whole domain.
In this paper, (i) new classical model whose SRB measure is given in explicit form in some parameter range is proposed. (ii) On the way to prove the existence of SRB measure, it is also proved that the map is Anosov diffeomorphism and mixing in the parameter range. (iii) It is proved that energy fluctuation diverges because action variables are in accordance with Cauchy distribution. (iv) Lyapunov exponent is obtained using these properties.
At first Hamiltonian is introduced by
Let an interval I be as I = − 
A two dimensional symplectic map with tangent function is also researched in [6] . Figures 1 and 2 show the behavior of the potential V (θ 1 , θ 2 ). The absolute value of
map has a conserved quantity for momentum C such that
We can reduce dgree of freedom by using C as
Then, we get such formulus as Equations (5) and (6) . By subtracting Eq. (6) from Eq. (5), we obatain Eq. (7) Now by changing variables as
we get another equation which is topologically conjugate with Eq. (5) asT
The Jacobian of Eq. (10) is given as
The local instability condition (for at least one eigenvalue of the matrix 11, its absolute value is larger than unity) for (11) is as
is an invariant density of the map T ε on the manifold I × I.
Proof. We prove the proposition by showing the uniform distribution ρ is a solution of Perron-Frobenius Equation
When a uniform distribution satisfies PerronFrobenius Equation, uniform distribution (13) is an invariant density for (I × I,T ε ). Because the values of ρ(x, y) and ρ(p, q) is equivalent, we show for any point X = (x, y) there is only one point (p ′ , q ′ ) which satisfies
x is on the I = [−1/2, 1/2). Then we can determine only one q ∈ I which satisfies x − q = 0. Then x, y and q are fixed. Then there is only one p ∈ I to satisfies
Therefore uniform distribution is a solution of the Perron-Frobenius Equation.
When p and q distribute uniformly, ε tan(πp) or ε tan(πq) are in accordance with the Cauchy distribution as
(16) Theorem 2. The probability variables p and q are independent.
Proof. For any L 1 class function A and B,
Then, p and q are independent.
Mixing property Let consider a set A defined by
Then, define manifold M = (I × I)\A.
M is a closed manifold is Anosov diffeomorphism when there exists a direct sum decomposition of the tangent bundle
where K > 0, 0 < λ < 1 are determined by x not by ξ or n.
Lemma 4. When the condition (12) is satisfied, the map T ε on M is an Anosov diffeomorphism.
According to [7, 8] , for any normalized two dimensional vector
The goal is to prove
Proof. In the case of (21), the condition that
By substituting a 1 (n + 1) = a 2 (n) and a 2 (n + 1) = −a 1 (n) + 2 1 − πε cos 2 (πqn) a 2 (n) and considering
Then, when the condition (23) is satisfied, it holds that
Therefore the condition (21) holds. Then consider a subset
In the case of (22), it holds that
Then,
By substituting a 1 (n − 1) = 2 1 − πε cos 2 (πqn−1) a 1 (n) − a 2 (n) and a 2 (n − 1) = a 1 (n), one can see condition (29) holds when condition (28) holds.
Then, by considering a orbit {x n }
Then, one can choose any eigenvector spaces E u x and E s x from LL + (x n ) and l − (x) each other by
It is established that D xnTε E u xn ⊂ LL + (x n+1 ) and
E u xn and E s xn are independent by theire definition so that, it holds that
Let define α n ≡ 1 − πε cos 2 (πqn) , and
where cot ψ n = α n . Since g ′ (φ) is positive in this range, It becomes
Then by defining K = 1 and λ = 1 +
(II) Case of ε < 0, Considering 0 < cot φ n < α n , the range of φ n is expressed by
Since g ′ (φ) is positive in this range, It becomes
For a symplectic map, since the shrinking rate is a inverse of stretching rate, condition (20) is also holds. Therefore, the mapT ε on M is an Anosov diffeomorphism.
According to [8] , Anosov diffeomorphism is K-system. Therefore the theorem below holds. Cauchy distribution Action variable I 1 (n) can be expressed by
is according to the Cauchy distribution whose scale parameter is |ε| for ε < 0, 2 π < ε. That is {s k } is stationary and strongly mixing. Then according to [11] , {I 1 (n)} is in accordance with a stable distribution. Figure 3 shows log-log plot of the distribution f (x) of {I 1 (100)} at ε = 0.65 obtained by numerical experiment and fitted function g(x). The number of initial points N is N = 10 6 . When {I 1 (100)} are in accordance with Cauchy distribution whose scale parameter is a, the probability variables {x = (I 1 (100) − µ)/ √ σ} are considered to be in accordance with g(x) defined by
where µ and √ σ are an average and a variance respectively obtained from finite number of probability variables {I 1 (100)}. By fitting g(x) to the data using least squares method, fitted parameterâ is obtained aŝ a = 68.01 ≃ 0.65 × 100. This result shows I 1 is in accordance with Cauchy distribution, so that the true average and variance of I 1 do not exist.
The fluctuation of Energy
In not integrable system, there is a trade-off relation between the conservation of Energy and the that of symplecticity [10] . Then, this symplectic map, the energy cannot be conserved and fluctuates. Especially in this map since the distribution with I 1 and I 2 are in accordance with Cauchy distribution, their variances σ(I 1,2 ) diverge. Then the kinetic energy and a total one also diverge. The Figure 4 shows the behavior of the fluctuation of energy. Superdiffusion Considering that I 1 is in accordance with Stable distribution and referring the Figure 3 , superdiffusion occurs. Figure 5 shows the log-log plot with times evolution of Mean Square Displacement (MSD) for I 1 at ε = 0.66 > Lyapunov exponent Since the Lebesgue measure is unique SRB mesure for ε < 0,
= log |γ|dpdq,
where γ is a eigenvalue of Jacobian J(x) whose absolute value is larger than unity.
γ ± = 1 − πε cos 2 (πq) ± 1 − πε cos 2 (πq) 2 − 1. (40) h(T ε ) is equivalent to a positive Lyapunov exponent. Then, in |ε| ≫ 1, the Lyapunov exponent can be expressed by λ(ε) = log 2 1 − 2ε ± 4ε(ε − 1) .
(41) Figure 6 shows the comparison between the numerical result and analytical formula of Lyapunov exponent. The numerical result is consistent with analytic formula in |ε| ≫ 1. 
Conclusion
We proposed canonical deterministic model with superdiffusion. We showed the condition of superdiffusion. The analytical formula of invariant density is obtained and mixing property is shown when this condition satisfied. We also calculate Lyapunov exponent and it is consistent with a numerical experiment. The action variables are in accordance with the Cauchy distribution whose scale parameter is |ε| in ε < 0, 2 π < ε. Therefore, this model has energy fluctuation divergence.
